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A contact stress analysis is presented for a layered elastic half-space in contact with a rough surface exhibiting self-aﬃne
(fractal) behavior. Relationships for the mean contact pressure versus representative strain and the real half-contact width
versus elastic properties of the layer and the substrate, asperity radius, layer thickness, and truncated half-contact width
were derived from ﬁnite element simulations of a layered medium compressed elastically by a rigid cylindrical asperity.
These relationships were incorporated in a numerical algorithm that was used to obtain the contact pressure distributions
and stresses generated by the asperity contacts formed at the interface of the layered medium and the fractal surface. Ana-
lytical solutions illustrate the signiﬁcance of the elastic material properties, layer thickness, and surface topography (rough-
ness) on global parameters such as normal load and real contact area. Results for the contact pressure distribution and the
surface and subsurface stresses provide insight into the initiation of yielding and the tendency for cracking in the layered
medium. It is shown that cracking at the surface and the layer/substrate interface is more likely to occur in the case of a stiﬀ
layer, whereas surface cracking is more prominent for a relatively compliant layer.
 2006 Elsevier Ltd. All rights reserved.
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Since the pioneering contact analysis of elastic solids of revolution by Hertz (1882), contact deformation of
homogeneous bodies with smooth surfaces has been the subject of a voluminous literature including both ana-
lytical and numerical studies. Despite important insight into contact mechanics derived from early studies, real
contact interfaces possess rough topographies. Hence, the contact stress and strain ﬁelds obtained for ideally
smooth and homogeneous bodies deviate signiﬁcantly from those of real contact interfaces of layered media.
One of the earliest contact analyses of layered elastic media is attributed to Burmister (1945), who developed
an elasticity theory for axisymmetric contacts and obtained solutions for the contact pressure distribution.
Aleksandrov et al. (1966) presented a mathematical formulation of three-dimensional contact of a frictionless0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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size of the contact region. Pao et al. (1971) determined the maximum contact pressure on an elastic layer
indented by a cylinder for the extreme cases of frictionless and rigid layer/substrate interfaces. Gupta and
Walowit (1974) analyzed contact of a cylindrical indenter and a layered half-space using an integral equation
approach and evaluated the dependence of the contact pressure on the stiﬀness of the cylinder, layer, and sub-
strate materials.
Contact analysis of elastic–plastic layered media attracted signiﬁcant attention in later years as a result of
the development of eﬃcient numerical methods for complex contact analysis. Van der Zwaag and Field (1982)
used the ﬁnite element method (FEM) to examine the eﬀect of a thin and hard layer on the stresses produced in
a layered medium indented by a rigid sphere. While the stiﬀ layer signiﬁcantly decreased the tensile stresses in
the substrate (especially in the vicinity of the contact edge), it also intensiﬁed the shear stress at the layer/
substrate interface and the surface tensile stress at the contact edge. A similar result was reported by Komvo-
poulos (1988, 1989), who performed plane-strain FEM analyses and obtained solutions for the subsurface
stresses and strains in terms of the layer thickness, friction coeﬃcient at the contact region, and elastic–plastic
properties of the layer and the substrate materials. Bhattacharya and Nix (1988) analyzed indentation of a
layered medium by a rigid cone with the FEM and examined the eﬀects of the elastic–plastic properties of
the layer and the substrate on the eﬀective hardness of the layered medium. Kral and Komvopoulos (1996)
presented a three-dimensional FEM analysis of a rigid sphere sliding on an elastic–plastic layered medium that
demonstrated the signiﬁcance of the layer material properties, contact friction, and normal load on the contact
pressure distribution and subsurface stresses.
The previous analytical and numerical studies involved ideally smooth contact interfaces. However, in view
of the scale-dependence roughness of real surfaces, actual contact occurs at surface summits referred to as
asperities. Therefore, the results reported for smooth surfaces are not applicable at the microscale where
multi-scale roughness greatly aﬀects the local deformation behavior. Contact analysis of real (rough) surfaces
is cumbersome due to the randomness of the surface topography. To circumvent this diﬃculty, in earlier stud-
ies the surface topography was represented by a periodic waviness. For instance, Nowell and Hills (1989) used
an iterative method to analyze compression of an elastic cylinder with a wavy surface by a rigid and smooth
cylinder and noted the occurrence of local stress maxima below the asperity contacts. Ioannides and Kuijpers
(1986) carried out a numerical contact analysis that showed a signiﬁcant roughness eﬀect on the subsurface
stresses at the asperity scale. Similar results were obtained by Komvopoulos and Choi (1992), who used an
FEM model to study asperity interaction in terms of the radius and lateral spacing of the spherical asperities
of a rigid surface indenting an elastic half-space.
The important role of the surface roughness in contact deformation demonstrated in earlier studies moti-
vated the development of more sophisticated surface models in contemporary contact mechanics analyses.
Chang et al. (1987) represented the surface roughness by asperities of constant radius of curvature that fol-
lowed a Gaussian height distribution and used an elastic–plastic asperity model which accounted for volume
conservation during plastic ﬂow to obtain analytical solutions for the mean surface separation and the contact
area. In elastic contact models developed by Bush et al. (1975, 1979), Gibson (1982), and McCool (1986), the
asperities were modeled by elliptical paraboloids, resulting in randomly oriented elliptical contacts at the inter-
face. While these statistical models provided simple relationships for the normal load in terms of the contact
area, the eﬀects of multi-scale roughness and asperity interaction were not considered in the former studies.
To overcome the dependence of traditional roughness parameters on the sample size, instrument resolution,
and experimental ﬁlter, the surface morphology was described by fractal geometry (Mandelbrot, 1983). Ana-
lytical and numerical contact analyses of rough surfaces possessing self-aﬃne (fractal) topographies have elu-
cidated the eﬀect of surface roughness on the real contact area and the normal load (Yan and Komvopoulos,
1998; Ciavarella et al., 2000; Komvopoulos and Ye, 2001; Persson, 2001; Persson et al., 2002; Hyun et al.,
2004), temperature rise at the contact interface due to frictional heating (Wang and Komvopoulos,
1994a,b), and electrical conductance across rough contact interfaces (Barber, 2003; Kogut and Komvopoulos,
2003a; Ciavarella and Leoci, 2006), including the eﬀects of surface roughness (constriction resistance) and elec-
tron tunneling across an insulating thin ﬁlm at the contact interface (Kogut and Komvopoulos, 2003b, 2004).
However, studies dealing with the subsurface stresses and strains at the asperity scale are sparse, presumably
due to the highly complex and computationally intensive analysis of interacting elastic–plastic solids with
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with real surface topographies (such as those of magnetic recording heads and thin-ﬁlm rigid disks) exhibiting
fractal behavior is attributed to Komvopoulos and Ye (2002). More recently, Gong and Komvopoulos (2005)
presented a thermomechanical analysis of a rough (fractal) surface sliding on a semi-inﬁnite homogeneous
elastic medium that included the coupled eﬀects of thermal and mechanical deformation.
Although the FEM is an eﬀective technique for calculating the stresses and strains in contacting solids with
rough surfaces, the excessive number of ﬁnite elements needed to accurately model contact of surfaces exhib-
iting multi-scale roughness prohibits the use of a suﬃciently large and reﬁned mesh. Therefore, the main objec-
tive of this study was to develop a comprehensive analysis of layered elastic solids in contact with a rough
surface characterized by fractal geometry. To accomplish this objective, plane-strain FEM simulations of a sin-
gle asperity indenting a layered elastic medium were performed to obtain relationships for the mean contact
pressure and the real half-contact width in terms of the asperity radius, truncated half-contact width, layer
thickness, and elastic properties of the layer and the substrate. These relationships were incorporated in the con-
tact stress analysis, and numerical solutions were obtained for the normalized contact load, real contact area,
contact pressure, and subsurface stresses in terms of fractal parameters (surface roughness), coeﬃcient of fric-
tion, layer thickness, and elastic properties of the layer and substrate materials. Numerical results provided
insight into the tendency for yielding and cracking in the layered medium due to sliding against a fractal surface.
2. Surface characterization
As mentioned previously, surface topography parameters derived from traditional approaches depend on
the sample length and instrument resolution. Fractal geometry enables unbiased surface description and main-
tains the self-aﬃnity property of real surfaces over a wide range of length scales. Since the details of the surface
topography description by fractal geometry can be found in previous publications (e.g., see Majumdar and
Bhushan, 1990; Wang and Komvopoulos, 1994a; Yan and Komvopoulos, 1998), only the function z(x) of
the two-dimensional fractal surface used in the analysis will be presented here for brevity. For consistency,
z(x) can be written as (Wang and Komvopoulos, 1994a)zðxÞ ¼ L G
L
 ðD1ÞXnmax
n¼0
cosð2pcnx=LÞ
cð2DÞn
; ð1Þwhere L is the fractal sample length, G is a frequency independent parameter referred to as the fractal rough-
ness, D (1 < D < 2) is the fractal dimension that controls the contribution of high- and low-frequency compo-
nents in the surface function (e.g., high D values are indicative of smooth surfaces), c (c > 1) is a scaling
parameter with a typical value of 1.5 (Komvopoulos and Yan, 1997), and n is a frequency index with an upper
limit given by nmax = int[log(L/Ls)/logc], where int[. . .] denotes the integer part of the number in the brackets,
and Ls is the cutoﬀ length. G and D can be determined from a log–log plot of the structure function of z(x)
versus wavelength (Komvopoulos, 2000). The cutoﬀ length and the fractal sample length deﬁne, respectively,
the smallest and the largest wavelengths in the surface proﬁle. Thus, Eq. (1) exhibits a scale-invariant (fractal)
behavior within a ﬁnite range of wavelengths, outside of which the surface topography can be represented by a
deterministic function (Wang and Komvopoulos, 1994b).
3. Contact analysis
The two-dimensional plane-strain problem of a rigid, rough (fractal) surface sliding against an elastic layered
medium is shown schematically in Fig. 1. Coulomb friction is assumed between the rough surface and the surface
of the layeredmedium.Therefore, the layeredmedium is subjected to distributed normal and tangential tractions,
producing a total normal loadP anda total tangential (friction) forceF = lP, wherel is the coeﬃcient of friction.
3.1. Constitutive relationships
To accurately determine the normal and friction forces at the asperity contacts, it is necessary to obtain
ﬁrst a contact stress–strain relationship and an expression for the real contact width in terms of the truncated
Fig. 1. Schematic representation of an elastic layered medium in contact with a rigid rough surface.
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quasi-static indentation of a layered elastic medium by a rigid cylindrical asperity was analyzed with the FEM.
Fig. 2 shows the mesh used in the FEM simulations, which consists of 6417, eight-node, isoparametric, quad-
rilateral elements, resulting in a total of 19,232 nodes. A 3 · 3 integration scheme was used in the isoparamet-
ric elements. A magniﬁcation of the reﬁned mesh at the surface is shown on the left hand-side of Fig. 2. The
horizontal and vertical dimensions of the mesh are equal to 2.4R and 3.1R, respectively, where R is the radius
of the rigid asperity. The nodes of the bottom boundary of the mesh were constrained against displacement inFig. 2. Finite element discretization of an elastic layered medium. The reﬁnement of the mesh at the surface is shown on the left-hand side.
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the horizontal direction. The simulations were performed with the multi-purpose FEM code ABAQUS. An
elastic modulus E = 114 GPa and Poisson ratio m = 0.3 were assigned to the substrate elements. To examine
the eﬀect of the layer stiﬀness on the mean contact pressure and the real contact width, the elastic modulus of
the layer was varied so that El/Es = 8, 4, 2, 1, 0.5, 0.25, and 0.125, where El and Es are the elastic modulus
of the layer and the substrate, respectively. Fig. 3 shows that the normalized mean contact pressure pm/Es
varies linearly with the representative strain Eer=EsR, where r is the real half-contact width and E

e is the
equivalent (eﬀective) elastic modulus of the layered medium given by (King, 1987)Fig. 3.
elasticEe ¼ 1 eat=r
ﬃﬃ
p
p  1 m2l
El
þ eat=r
ﬃﬃ
p
p 1 m2s
Es
þ 1 m
2
i
Ei
 1
; ð2Þwhere a is a geometric factor that depends on the indenter shape, t is the layer thickness, and subscripts l, s,
and i refer to the layer, substrate, and indenter materials, respectively. The following relationship for the mean
contact pressure was obtained after performing a least-square ﬁt to the data shown in Fig. 3:pm
Es
¼ p
8
Eer
EsR
 
: ð3ÞEqs. (2) and (3) represent general relationships for layered elastic solids. For the extreme cases of t!1 and
t! 0, Eq. (3) becomes identical to the Hertzian solution of a half-space with layer and substrate elastic prop-
erties, respectively. For the special case of El/Es = 1, Eq. (3) yields the mean contact pressure on a homoge-
neous half-space predicted by Hertz theory. For the extreme case of El Es, linearization of the exponential
term in Eq. (2) and setting a = 2 (King, 1987) givespm
Es
 r
2El
2:9tRð1 m2l ÞEs
: ð4ÞEq. (4) is similar to the analytical solution of an elastic foundation model (Johnson, 1985). For the other
extreme case of El Es, Eq. (3) yields inﬁnite pressure because of the zero contact area resulting for a rigid
cylinder loaded on a rigid layer on elastic foundation.
Fig. 4 shows the normalized real half-contact width r/R as a function of El/Es and r
0/R, where r 0 is the trun-
cated half-contact width. As expected, the stiﬀer the layer, the smaller the half-contact width. From a least-
square ﬁt through the data shown in Fig. 4 (correlation factor = 0.9991), it was found thatModified Contact Model
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modulus ratio.
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Fig. 4. Real half-contact width versus truncated half-contact width for an elastic layered medium with diﬀerent layer-to-substrate elastic
modulus ratio. (Symbols represent ﬁnite element results and solid lines are solutions obtained from Eq. (5).)
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R
¼ b1
Ee
Es
 b2 r
R
 b3
; ð5Þwhere b1 = 1.7474, b2 = 0.3943, and b3 = 0.9189. It is noted that the layer thickness is implicitly included in
Eq. (5) through the eﬀective elastic modulus Ee (Eq. (2)). Results obtained from Eq. (5) and FEM simulations
for diﬀerent values of El/Es were found to be in good agreement.3.2. Stress analysis
As the rough surface interferes with the layered medium, asperity contacts are established within the
apparent contact area. There has been considerable debate in the literature of what constitutes an asperity.
Ciavarella and Leoci (2006) reported that results based on the widely used deﬁnition of asperity (peak) as a
local maximum of the surface proﬁle, adopted from the classical contact model of Greenwood and William-
son (1966), are in disagreement with results for surfaces exhibiting multi-scale roughness. Recently, Green-
wood and Wu (2001) acknowledged that the association of the peaks of a surface proﬁle with the contact
asperities does not have any physical signiﬁcance and leads to questionable results for both the number
and the radius of curvature of the asperities. It was argued that the earlier concept of Archard (1957) that
topography consists of small spheres distributed on top of larger spheres and so on (a simple fractal-like
model) should be used to correctly capture the mechanics of contacting asperities. The use of fractal geom-
etry to describe the surface topography and the determination of the asperity contacts by an incremental
truncation procedure does not require a priori deﬁnition of the asperities. In addition, because of the ran-
domness of the fractal proﬁle, a wide range of wavelengths can be included in the analysis for a given
interference.
In the present study the total deformation force at the contact interface was obtained by numerical integra-
tion of the forces generated at individual asperity contacts over the entire contact interface. Asperity contacts
were established by truncating the rough surface by a rigid plane for various interferences. For a truncated
asperity of half-contact width r 0 (Fig. 5), the largest wavelength in the asperity waveform is equal to 2r 0. It
is assumed that the asperity contact force is due to the deformation of an asperity represented by the base
wavelength (Yan and Komvopoulos, 1998) with frequency index n0 and cosine function z0 given byn0 ¼ lnðL=2r
0Þ
ln c
ð6Þ
2r'
2r
δ
Rigid asperity
Undeformed  surface
Deformed surface Base wave z0(x)
Fig. 5. Schematic illustration of contact between a rigid asperity of a rough surface and an elastic medium.
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 
: ð7ÞThe former approximation is consistent with earlier studies (Yan and Komvopoulos, 1998; Greenwood and
Wu, 2001) where the deformation of a compressed asperity was determined by the large-scale geometry of
the asperity. As shown in Fig. 5, the asperity interference d is equal to the peak-to-valley amplitude of the
cosine function z0 (Eq. (7)); hence,d ¼ 2GðD1Þð2r0Þð2DÞ: ð8Þ
Since the contact interface is modeled by a deformable surface compressed by rigid cylindrical asperities, the
radius can be written asR ¼ ðr
0Þ2
2d
: ð9ÞIn general, the asperity radius is much larger than the asperity height. Thus, Eq. (9) was obtained by approx-
imating the cosine function of the asperity by a circular proﬁle. Substituting Eq. (8) into Eq. (9) givesR ¼ ðr
0ÞD
2ð4DÞGðD1Þ
: ð10ÞIn view of Eqs. (5) and (10), the truncated half-contact width can be expressed asr0 ¼ 2ðD4Þð1b3Þb1
Ee
Es
 b2
Gð1DÞð1b3Þrb3
" # 1
1DþDb3
: ð11ÞUsing Eq. (3), the elastic force at an asperity contact isDF df ¼ pG
ðD1ÞEer
2
2ðD2Þðr0ÞD : ð12ÞSubstituting Eq. (11) into Eq. (12) givesDF df ¼ 2ð2þD2Db3Þ=ð1DþDb3ÞpGðD1ÞEe Gð1DÞð1b3Þb1
Ee
Es
 b2" # D1DþDb3
r2Db3=ð1DþDb3Þ: ð13ÞBecause the equivalent elastic modulus (Eq. (2)) is a function of the real contact width, which is not known
a priori, an iteration procedure was used to determine Ee and r in order to simultaneously satisfy Eqs. (2) and
(5). The initial value of r was set equal to r 0. Hence, the real contact width and corresponding equivalent elastic
2116 K. Komvopoulos, Z.-Q. Gong / International Journal of Solids and Structures 44 (2007) 2109–2129modulus were determined at each asperity contact using the previous iteration procedure, and the associated
elastic force was calculated from Eq. (13). Hence, the total contact force was obtained asFig. 6.F df ¼
XN
i¼1
DF idf ; ð14Þwhere DF idf is the deformation force of the ith asperity contact and N is the number of the asperity contacts
formed across the interface for a given interference.
Contact pressure distributions were determined from a numerical procedure in which the nodal contact
pressure was proportional to the square root of the local interference. This proportionality relationship can
be derived from the Hertzian contact pressure distribution, assuming very small interference compared to
the indenter radius in order for linear elasticity to hold (Johnson, 1985). As shown in Fig. 6, a piecewise-linear
distribution of the contact pressure was obtained by the superposition of overlapping triangular pressure ele-
ments (Johnson, 1985). The peak value of the jth triangular pressure element pji at the ith asperity contact is
given bypji ¼
ﬃﬃﬃﬃ
dji
q
PMi1
j¼1
ﬃﬃﬃﬃ
dji
q DF idfn ; ð15Þwhere dji is the local interference at the jth point, Mi is the total number of grid nodes in the ith asperity con-
tact, and n is the grid size. Using a piecewise-linear distribution to approximate the contact pressure yielded
continuous surface displacements. For fully developed sliding contact, it was assumed that the contact
pressure proﬁle was not aﬀected by the shear traction, q(x) = lp(x), which is a reasonable assumption for
low-friction sliding.
The stresses in the layered medium were obtained by superposition of the stress ﬁelds generated by the tri-
angular distributions of normal and tangential tractions at each asperity contact, using the approach of Gupta
et al. (1973), and another superposition of the stress ﬁelds of all the asperity contacts forming at the interface.
Referring to the coordinate system shown in Fig. 7, the stresses and the displacements in the layer are func-
tions of x and z1, while in the substrate they are functions of x and z2. The stresses can be expressed in terms of
an Airy stress function U that satisﬁes the biharmonic equation $4U = 0, which can be diﬀerentiated to obtain
the stresses, i.e.,rzz ¼ o
2U
ox2
; rxx ¼ o
2U
oz2
; rzx ¼  o
2U
ozox
: ð16ÞThe traction boundary conditions at the layer surface and the continuity of the displacements and tractions
across the layer/substrate interface are expressed aspi
j
0 j Miξ
δi j
Contact pressure
Rough surface
Deformed surface
Piecewise-linear contact pressure proﬁle consisting of overlapping triangular pressure elements used in the numerical procedure.
xz
z1
z2
p0
q0
t
c c
Layer (El ,νl)
Substrate (Es ,νs)
Fig. 7. Coordinate systems used in the analysis of a layered medium subjected to triangular distributions of normal and tangential
tractions.
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p0ð1 jxj=cÞ jxj 6 c;
0 jxj > c;
	
rð1Þxz ðx; 0Þ ¼
q0ð1 jxj=cÞ jxj 6 c;
0 jxj > c;
	
rð1Þxz ðx; hÞ ¼ rð2Þxz ðx; 0Þ;
rð1Þzz ðx; hÞ ¼ rð2Þzz ðx; 0Þ;
uð1Þðx; hÞ ¼ uð2Þðx; 0Þ;
wð1Þðx; hÞ ¼ wð2Þðx; 0Þ;
ð17Þwhere superscripts 1 and 2 refer to the layer and the substrate and u and w denote displacements in the x and z
directions, respectively. The solution was obtained by a Fourier transform of function U with respect to x,
given byU ¼
Z þ1
1
Uðx; zÞeixx dx: ð18ÞFor function U to satisfy the biharmonic equation and yield ﬁnite stresses at inﬁnity it should be of the
form:Uð1Þ ¼ ðA1 þ B1z1Þejxjz1 þ ðC1 þ D1z1Þejxjz1 ;
Uð2Þ ¼ ðA2 þ B2z2Þejxjz2 ;
ð19Þwhere Uð1Þ and Uð2Þ are the solutions of U in the layer and the substrate, respectively. The two boundary con-
ditions and the four interfacial conditions comprise a set of six coupled equations, including the coeﬃcients in
Eq. (19) and the Fourier transforms of the surface traction distributions p(x,z) and q(x,z). Upon the determi-
nation of U, the stresses were calculated from Eqs. (16) by an inverse transformation of U.
Therefore, the stress at a point A(x,z) in the layered medium can be written asrðx; zÞ ¼
XN
i¼1
XMi1
j¼1
rjjiðx; zÞ; ð20Þwhere rjji indicates the stress due to the jth triangular distributions of the contact pressure and the tangential
(friction) tractions at the ith contact spot.
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4.1. Validation of the contact algorithm
To validate the analytical model of the layered elastic medium, numerical results for a homogeneous elastic
half-space (E = 114 GPa and m = 0.3) in contact with a rigid cylinder are contrasted with theoretical results
(Johnson, 1985). Fig. 8(a) shows the normalized contact pressure distribution of the indented homogeneous
half-space. The x coordinate was normalized by the half-contact width r0 and the contact pressure p by the
maximum contact pressure p0. The good agreement between analytical and theoretical results conﬁrms the
validity of the model and the assumption that the local contact pressure is proportional to the square root
of the corresponding interference. Fig. 8(b) shows the eﬀect of the elastic modulus ratio on the pressure proﬁle
due to the indentation of a layered medium by a rigid cylinder. Similar with Fig. 8(a), the maximum contact
pressure p0 and corresponding half-contact width r0 of the homogeneous half-space (El/Es = 1) were used to
normalize the contact pressure distributions and the x coordinate, respectively. As expected, higher contact
pressure and smaller contact width were produced with stiﬀer layers (El/Es > 1) and vise versa for compliant
layers (El/Es < 1). The contact pressure distributions do not resemble Hertzian proﬁles, especially for large dif-
ferences in the elastic modulus of the layer and the substrate media. The contact pressure proﬁles shown in
Fig. 8(b) are in good agreement with similar results obtained by King and O’Sullivan (1987).
The normalized subsurface stresses rxx, rzz, and sI (principal shear stress) along the axis of symmetry of a
homogeneous half-space due to frictionless indentation (l = 0) and the normalized surface stresses rxx, rzz,
and sxz due to sliding (l = 0.5) of a rigid cylinder are shown in Figs. 9(a) and (b), respectively. The symbols
represent numerical results, while the curves are theoretical solutions (Johnson, 1985). The good agreement
between numerical and analytical results demonstrates the accuracy of the algorithm and justiﬁes the use of
the piecewise-linear contact pressure distributions. Fig. 9(b) shows the development of a maximum surface ten-
sile stress at the trailing edge of the contact region that was accurately predicted by the numerical algorithm.Numerical
Theoretical
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subsurface stresses resulting from normal and tangential surface tractions.
4.2. Contact load and contact area
Results for the contact load and the contact area are presented ﬁrst to elucidate the signiﬁcance of the elas-
tic properties of the layered medium, layer thickness, and surface topography (roughness) on global param-
eters. The eﬀects of the coeﬃcient of friction, layer thickness, and elastic properties on the pressure proﬁle
and the various stress components are discussed next. All the results presented hereafter are for L = 5 lm,
G = 9.46 · 104 nm, Es = 114 GPa, and ml = ms = 0.3.
The eﬀect of the root-mean-square surface roughness r, which increases with decreasing D, on the contact
load and the real contact area can be interpreted in light of the results shown in Fig. 10 for El/Es = 2. The
ﬁgure shows that both the normalized contact load P/EsAa and the normalized real contact area Ar/Aa
increase with the normalized maximum surface interference dmax/t. Fig. 10(a) shows that the decrease of
the surface roughness (i.e., increase of t/r) produced high contact loads for large interferences and the oppo-
site for small interferences. This is because only one or two asperity contacts were established for a small inter-
ference, and the rough surface (t/r = 0.23) resulted in sharper contacting asperities that yielded higher contact
loads. With the increase of dmax/t, the smoother surface (t/r = 4.17) generated more asperity contacts, produc-
ing higher contact loads due to the more pronounced increase of the real contact area compared to the other
surface topographies. Fig. 10(b) shows that, for ﬁxed dmax/t, the real contact area increased signiﬁcantly with
the decease of the surface roughness (i.e., increase of t/r).
Fig. 11 shows the dependence of the normalized contact load P/EsAa and the real contact area Ar/Aa on
dmax/r and El/Es for t/r = 1 (D = 1.44). As expected, both the contact load and the real contact area increased
with the maximum interference. For ﬁxed dmax/r, the contact load increased and the contact area decreased
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Fig. 10. Eﬀect of surface roughness on (a) contact load and (b) real contact area versus maximum surface interference for a layered elastic
medium indented by a rough surface (El/Es = 2).
0           0.05         0.10   0.15         0.20       0.25        0.30
δmax/σ
El /Es = 4
El /Es = 2
El /Es = 1
El /Es = 0.5
El /Es = 0.25
A r
/A
a
(%
)
101
100
10-1
10-2
P/
E s
A a
10-3
10-4
10-5
10-6
t/σ = 1
Fig. 11. Eﬀect of layer elastic modulus on (a) contact load and (b) real contact area versus maximum surface interference for a layered
elastic medium indented by a rough surface (t/r = 1; D = 1.44).
2120 K. Komvopoulos, Z.-Q. Gong / International Journal of Solids and Structures 44 (2007) 2109–2129
t=5nm
t=10nm
t=20nm
t=100nm
100
10-1
10-2
10-3
10-4
10-5
/σ = 1
/σ = 2
/σ = 4
t/σ = 20
El/Es = 4
0           0.05         0.10   0.15         0.20       0.25       0.30
δmax/σ
A r
/A
a
(%
)
P/
E s
A a
Fig. 12. Eﬀect of layer thickness on (a) contact load and (b) real contact area versus maximum surface interference for a layered elastic
medium indented by a rough surface (El/Es = 4; D = 1.44).
K. Komvopoulos, Z.-Q. Gong / International Journal of Solids and Structures 44 (2007) 2109–2129 2121with the increase of El/Es. This is attributed to the enhancement of the stiﬀness of the layered medium in the
presence of a stiﬀ layer.
To illustrate the eﬀect of the layer thickness on the contact load and the real contact area, results for
t/r = 1, 2, 4, and 20, El/Es = 4, and D = 1.44 (i.e., ﬁxed r) are contrasted in Fig. 12. It can be seen that the
eﬀect of the layer thickness is negligible for small values of dmax/r (i.e., low contact load). The results indicate
that for a stiﬀ layer (El/Es = 4) and a large surface interference, the tendency is for the contact load to increase
and the contact area to decrease with increasing layer thickness. This is because the eﬀect of the stiﬀ layer on the
contact load and the contact area becomes more pronounced with the increase of the surface interference and
the layer thickness. For dmax/r < 0.3, there is no discernible diﬀerence between the results for t/r = 4 and 20.
4.3. Contact stresses
Accurate estimation of the contact stresses is essential for the analysis of the mechanisms controlling frac-
ture, fatigue, and wear. The eﬀects of the material properties and the layer thickness on the contact stresses
due to normal loading are presented ﬁrst, followed by stress results for the simultaneous application of normal
and tangential contact loading.
Fig. 13 shows that the maximum von Mises equivalent stress rmaxM in the layer and the substrate intensiﬁes
with the increase of dmax/r and/or El/Es. This is expected because higher values of dmax/r and El/Es yield
higher contact loads (Fig. 11(a)). For ﬁxed dmax/r, initial yielding in the substrate is less likely in the presence
of a compliant layer (Fig. 13(b)). This is because the compliant layer can store more elastic energy and thus
relax the stresses in the substrate. In the case of a stiﬀ layer, stress concentration at the interface due to the
large elastic modulus mismatch enhances the propensity for yielding. For dmax/r < 0.2, rmaxM exhibits insignif-
icant variation because the eﬀect of the substrate compliance is secondary. Results (not shown here for brevity)
revealed that rmaxM is more likely to occur at or close to the surface for El/Es = 4 and in the layer or at the layer/
substrate interface for El/Es = 0.25. Also the location of rmaxM shifted from the surface to the interface with the
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Fig. 13. Maximum von Mises equivalent stress in (a) the layer and (b) the substrate of a layered elastic medium indented by a rough
surface (t/r = 1; D = 1.44) versus maximum surface interference.
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mote yielding at the layer/substrate interface.
Fig. 14 shows rmaxM in the layer and the substrate as a function of dmax/r for diﬀerent values of t/r (D = 1.44)
and El/Es = 4. As expected, rmaxM increases with dmax/r. The marginal diﬀerences between the values of r
max
M int=5nm
t=10nm
t=20nm
t/σ = 1
t/σ = 2
t/σ = 4
El /Es = 4
0            0.1   0.2           0.3    0.4     0.5          0.6
δmax/σ
0.20
0.15
0.10
0.05
0.00
σ
M
m
ax
/E
s
0.10
0.08
0.06
0.04
0.02
0.00
σ
M
m
ax
/E
s
Fig. 14. Maximum von Mises equivalent stress in (a) the layer and (b) the substrate of a layered elastic medium indented by a rough
surface (El/Es = 4; t/r = 1, 2, and 4; D = 1.44) versus maximum surface interference.
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(Fig. 12). However, Fig. 14(b) shows a strong dependence of rmaxM in the substrate on t/r for dmax/r < 0.3.
The increase of rmaxM in the substrate with deceasing t/r is attributed to the intensiﬁcation of the stress ﬁeld
in the substrate due to the decrease of the thickness of the stiﬀ layer. A comparison of Figs. 13 and 14 indicates
an overall stronger eﬀect of the layer elastic modulus on rmaxM than the layer thickness.
Fig. 15(a) shows the variation of rmaxM in the layer and the substrate with El/Es for t/r = 0.23 and
dmax/r = 0.25 (D = 1.44). Stiﬀening of the layer intensiﬁed signiﬁcantly rmaxM in the layer; however, the eﬀect
on the rmaxM stress arising in the substrate was less pronounced. A constant r
max
M developed in the substrate for
El/EsP 3. Fig. 15(b) shows the variation of rmaxM in the layer and the substrate with t/r for dmax/r = 0.25
(D = 1.34). The increase of t/r resulted in the decrease of rmaxM in the substrate to a much lower steady-state
value. This implies a negligible eﬀect of the layer thickness on rmaxM in the substrate for a relatively thick and
stiﬀ layer. The results shown in Fig. 15 indicate the existence of thresholds of El/Es and t/r above which the
layer is most eﬀective in relaxing the stresses in the substrate.
Fig. 16 shows pressure distributions at asperity contacts and contours of subsurface von Mises equivalent
stress for El/Es = 4, 1, and 0.25, t/r = 0.23, and dmax/r = 0.25 (D = 1.34). Corresponding segments of the
rough surface are also shown above the contact pressure distributions. A comparison of the contact pressure
proﬁles shown in Figs. 16(a)–(c) demonstrates that the stiﬀer layer produced much higher pressure peaks and
smaller contact areas. This is expected because, for a given value of dmax/r, the contact load increases with
El/Es (Fig. 11). For El/Es = 4 and 0.25, the contact interface comprised four and ﬁve asperity contacts, respec-
tively. The stress contours show a strong dependence of the subsurface stresses on the elastic modulus of the
layer. The stress contours for El/Es = 4 are essentially conﬁned within the layer and exhibit signiﬁcant discon-
tinuities at the layer/substrate interface. The increase of rM with El/Es is due to the increase of the contact
pressure. It is noted that pmax and rmaxM always occur at the sharper asperity contact. For El/Es = 0.25, the posi-
tion of rmaxM shifted from the surface to the layer/substrate interface as a result of the increase of the asperity
contact area.Layer
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Fig. 15. Eﬀects of (a) layer elastic modulus and (b) layer thickness on the maximum von Mises equivalent stress in a layered elastic
medium indented by a rough surface (t/r = 0.23; dmax/r = 0.25; D = 1.34).
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the layer surface was plotted in Fig. 17 as a function of El/Es for t/r = 0.23, dmax/r = 0.25 (D = 1.34), and
l = 0.1 and 0.5. In the low-friction case (l = 0.1), rmaxxx was not aﬀected by variations in El/Es, whereas in
the high-friction case (l = 0.5), rmaxxx increased signiﬁcantly with El/Es. The high value of r
max
xx for
El/Es = 4 and l = 0.5 indicates a greater likelihood for surface cracking. Fig. 18 shows surface distributions
of rxx and subsurface contour plots of rI for El/Es = 4, 1, and 0.25, t/r = 0.23, dmax/r = 0.25 (D = 1.34), and
l = 0.5. Corresponding segments of the rough surface are also shown above the rxx stress plots. The results
reveal a similar trend for diﬀerent El/Es values, i.e., rmaxxx always commences at the trailing edges of the asperity
contacts. However, a signiﬁcantly higher rmaxxx stress was produced for El/Es = 4. The contours of the ﬁrst prin-
cipal stress rI (which is the surface tensile rxx stress in the wake of sliding) show the development of signiﬁ-
cantly higher tensile stresses in the stiﬀ layer, consistent with the conclusion of an earlier study (Kral and
Komvopoulos, 1996). Since rmaxI occurs always at the surface, it may be interpreted that surface cracking
would be especially prevalent under sliding conditions conducive to high friction coeﬃcients. This has been
demonstrated in the fracture analysis of Bower and Fleck (1994) in which crack initiation occurred at the sur-
face behind the contact region of a sliding indenter where the tensile stress reached a maximum. Moreover,
three small regions of high tensile stresses arose at the layer/substrate interface for El/Es = 4 (Fig. 18(a)).
Hence, it may be inferred that while for a relatively stiﬀ layer crack initiation is likely to occur either at the
surface or the layer/substrate interface, in the presence of a compliant layer, crack initiation is more likely
to occur at the layer surface.
Delamination at the layer/substrate interface depends on the magnitude of the interfacial shear stress.
Fig. 19 shows distributions of the interfacial sxz stress for El/Es = 4, 1, and 0.25, t/r = 0.23, dmax/r = 0.25
(D = 1.34), and l = 0.5. The results illustrate a strong dependence of the interfacial shear stress on the elastic
modulus of the layer. A comparison of the shear stresses obtained for diﬀerent values of El/Es indicates an
increased likelihood for delamination at the layer/substrate interface in the case of the stiﬀ layer. The existence
of several interfacial locations of high sxz stress suggests that delamination may occur at several locations
along the interface. Fig. 20(a) shows the maximum shear stress smaxxz at the interface as a function of El/Es
for t/r = 0.23, dmax/r = 0.25 (D = 1.34), and l = 0.1 and 0.5. The smaxxz stress increases signiﬁcantly with the
increase of the layer stiﬀness, reaching a steady-state for El/Es > 2. The eﬀect of friction on smaxxz is secondary
compared to that of El/Es. This is opposite from the trend for the rmaxxx stress (Fig. 17). The signiﬁcance of the
layer thickness on the maximum shear stress at the layer/substrate interface can be interpreted in terms of the
results shown in Fig. 20(b). Depending on the coeﬃcient of friction, smaxxz may decrease by a factor of 2–3 with
the increase of the layer thickness, reaching a constant value for t/r > 0.4. This behavior is expected because
the substrate eﬀect diminishes with the increase of the layer thickness. A comparison of the shear stress curves
for l = 0.1 and 0.5 shown in Fig. 20 indicates that the eﬀect of the coeﬃcient of friction on the interfacial smaxxz
stress is secondary compared to the eﬀects of the layer thickness and the layer elastic modulus.
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Fig. 18. Surface stress distributions and contours of maximum principal stress in a layered elastic medium due to sliding against a rough
surface (t/r = 0.23; dmax/r = 0.25; D = 1.34): (a) El/Es = 4, (b) El/Es = 1, and (c) El/Es = 0.25.
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A plane-strain analysis was developed for an elastic layered medium in sliding contact with a rough (fractal)
surface. The signiﬁcance of the elastic properties of the layer and the substrate materials, layer thickness, and
surface topography on the global deformation behavior was interpreted in the context of results for the con-
tact load and the real contact area. The contact pressure and the local stress ﬁelds were analyzed in terms of
the coeﬃcient of friction, layer thickness, and elastic properties. Based on the obtained results and discussion,
the following main conclusions can be drawn from the present analysis.
(1) A relationship of the mean contact pressure versus representative strain was derived for a layered elastic
medium indented by a cylindrical asperity. The real half-contact width of an asperity contact was
obtained as a function of the elastic properties of the layered medium, layer thickness, truncated half-
contact width, and asperity radius.
(2) Contact pressure proﬁles and stress distributions were determined for various surface topographies
(roughness) by varying the fractal parameter, which controls the contributions of the various frequency
components in the surface proﬁle.
(3) Both the contact load and the real contact area increased monotonically with the maximum surface
interference. The surface roughness (i.e., fractal parameter) and the elastic modulus of the layer exhibited
a dominant eﬀect on the contact load and the real contact area, while the eﬀect of the layer thickness was
relatively small. The contact load increased and the contact area decreased with the increase of the layer
stiﬀness. The eﬀect of the layer thickness was negligible for small interferences (or low contact loads) and
secondary for relatively large interferences.
(4) The maximum von Mises equivalent stress in the layer and the substrate increased with the maximum
interference and the layer elastic modulus. The maximum von Mises stress occurred always at the shar-
per asperity contacts. A trend for the maximum von Mises stress to develop at or close to the surface was
observed with the increase of the layer stiﬀness. However, for a compliant layer, the maximum von Mises
stress occurred either below the surface or at the layer/substrate interface. A strong dependence of the
maximum von Mises stress in the substrate on the layer thickness was found for small surface
interference.
(5) The maximum tensile stress occurred at the trailing edges of asperity contacts and intensiﬁed with the
increase of the layer elastic modulus and the coeﬃcient of friction. Signiﬁcantly higher tensile stresses
were obtained for stiﬀ layers than compliant layers. The peak value of the maximum principal stress
occurred always at the surface, suggesting a higher probability for crack initiation at the layer surface.
However, crack initiation at the layer/substrate interface cannot be precluded in the presence of a stiﬀ
layer.
(6) The interfacial shear stress exhibited a strong dependence on the thickness and elastic modulus of the
layer. A stiﬀ layer increased the likelihood for interface cracking and delamination at the layer/substrate
interface much more than a compliant layer. The eﬀect of the coeﬃcient of friction on the interfacial
shear stress was found to be secondary compared to the eﬀects of the thickness and the elastic modulus
of the layer.References
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